Using a simple relation between the virial expansion coefficients of the pressure and the entropy expansion coefficients in the case of the monomer-dimer model on infinite regular lattices, we have shown that, on hypercubic lattices of any dimension, the virial coefficients are positive through the 20th order. We have observed that all virial coefficients so far known for this system are positive also on infinite regular lattices with different structure. We are thus led to conjecture that the virial expansion coefficients m k are always positive.
I. INTRODUCTION
The virial expansion coefficients of the pressure have been computed through relatively high orders for the monomerdimer (MD) models on various infinite regular lattices. Presently, they are tabulated 1 through order 19 for the tetrahedral lattice and through order 7 for the hexagonal lattice 2 . Moreover, they are known for the triangular and the face-centered-cubic lattices through the orders 14 and 10 respectivelycitegaunt, kurtze. In the case of the linear lattice 5, 6 and of the Bethe lattice 7, 8 , they are all known. We have recently computed 9 the expansions through the order 24 for the bcc lattices in d = 3, 4, 5, 6, 7, and for the (hyper)-simple-cubic lattices, through order 24 in the case of the square, cubic and 4d lattices, through the orders 22 and 21 in dimensions d = 5 and 6 respectively, and finally 10 in general dimensions through the order 20.
Heilmann and Lieb 11, 12 have studied the MD models also on finite graphs. They have shown that the zeroes of the matching generating polynomial M (z) = N (i)z i of a graph lie only on the real negative axis of the complex z plane. In the thermodynamic limit, this implies the absence of a phase-transition in the MD lattice gas.
In this paper, we show that the first 20 coefficients of the virial expansion on hypercubic infinite regular lattices of any dimension are positive. With the knowledge that all the coefficients computed up to now for the virial expansions of the MD models on all infinite regular lattices are positive, we are led to conjecture that all the virial coefficients are positive for the infinite regular lattice models.
Using the definition of the graph dimer entropy of Ref. [13] , we argue that for a finite regular graph the bounds which correspond to the positivity of the virial coefficients m k for infinite regular lattices are
with k = 2, ..., ν and i = 0, ..., ν − k, where ν is the matching number of G.
We have tested the validity of Eq.(1) within two classes of finite graphs related to infinite regular lattices. The first class consists of the graphs induced by finite grids, the second consists of the biconnected regular simple graphs. The tests of Eq.(1) for the latter class have been performed by exhaustively generating the biconnected regular graphs having a not too large number of vertices v, with the aid of the Nauty program 14 via the Sage interface 15 . Let us now summarize the outcome of our survey, firstly restricting our attention to the class of finite lattices. We are interested in finding sequences of finite lattices with no violations of the bounds in Eq. (1) . This would indicate that all the virial coefficients are positive for the corresponding infinite regular lattices. Even though the bounds in Eq. (1) have been derived only for regular graphs, it is however interesting to consider them also in the case of finite grids with open boundary conditions (bc), (which clearly are not regular on the boundary).
In the case of rectangular grids of size L x × L y with L x ≥ L y and periodic bc, we have examined many instances with L y ≤ 12. There are no violations of the bounds of Eq. (1) for L x close to L y .
In the case of triangular grids of size L x × L y with L x ≥ L y , L y ≤ 8 and periodic bc, there are no violations for L x close to L y .
In the case of periodic hexagon grids of size L x × L y , in the brick wall representation, with L x , L y even between 4 and 14, we have found violations only for L x = 4.
In We have also examined
We have found no violations.
In summary, we found violations only for narrow lattices. This fact supports the conclusion that the bounds are not violated in the limit of infinite lattices.
Let us now turn to the more general class of the bipartite biconnected regular simple graphs. For the 3-regular graphs, we were able to test these bounds for v ≤ 30 vertices. We have observed a few violations of the bounds for v ≥ 18, but the frequency of these violations decreases regularly for v ≥ 18.
In the case of the bipartite biconnected 4-regular graphs, we have tested Eq.(1) for v ≤ 22. We have observed a single violation for v = 20. The frequency of the violations is even lower for v = 22.
In the case of the bipartite biconnected r-regular graphs with r > 4, we could carry our tests only for v ≤ 20, finding a single violation, that occurs in a 5-regular graph.
When considering the non-bipartite biconnected 3-regular graphs, we observed few violations for v ≤ 22, starting from v = 12; again the frequency of the violations decreases regularly after the first violation, for even values of v ≥ 12. Notice that there are no such graphs with v odd.
In the case of the non-bipartite biconnected 4-regular graphs, the frequency of the violations decreases regularly for even v after the first violation and a similar trend is observed for odd v. We could complete the tests for v ≤ 17. In this case one has to consider over 80 million graphs.
Based on the results of our survey, we are led to conjecture that, for biconnected regular graphs, the bounds are violated with a frequency that vanishes as v → ∞.
Let us now observe that the validity of the bounds of Eq.(1) in the case k = 2 follows from the Heilmann-Lieb inequality Eq.(4) in Ref. [11] . Using this Heilmann-Lieb inequality, we shall derive rigorous upper bounds for N (i) of generic graphs. In the case of regular graphs they are stricter than those in Ref. [16] in a region with small dimer density; in the case of generic graphs, we obtain an upper bound for the matching generating polynomial stricter than the one found in Ref. [17] .
The (rigorous) Heilmann-Lieb inequality has the form
with n = [ v 2 ] and k = 2. The similarity between this inequality and Eq.(1) led us to investigate Eq.(2) also for k ≥ 2 and to conjecture for infinite regular lattices the stricter bound m k ≥ 1 2k , which indeed is satisfied by all known virial coefficients. As in the previous case, we have investigated how well the bounds Eq.(2), with k ≥ 2, are satisfied by finite grids and regular biconnected graphs.
The tests of Eq.(2), with k ≥ 2, on lattice graphs give more violations than for Eq.(1). For two-dimensional lattices there are bands with |L x − L y | not too large, in which there are no violations; similarly for the 3-d slabs with
Therefore the examination of these lattices gives some indication, though not as clear as in the case of Eq. (1) , that the bounds Eq.(2), with k ≥ 2, are satisfied by the corresponding infinite lattices and that the virial coefficients are positive.
For the generic graphs produced with the aid of Nauty, we find similar results as with the bounds of Eq.(1), although we observe more violations.
We have also shown that, for any v, the bounds of Eqs. (1, 2) are satisfied by the approximate random bipartite regular graph distribution obtained in Ref. [18] . In the case of bipartite regular biconnected graphs the conjecture that for v → ∞ the frequency of the violations tends to zero is related to a conjecture on the entropy for these graphs made in Refs. [18] , [19] .
In all the tests performed on regular graphs (over more than 200 million graphs), Eq. (2) is valid for k = 3. We shall discuss also the corresponding bounds on N (i).
The paper is organized as follows. In the second Section, using a simple relation between the coefficients of the virial expansion of the pressure and the expansion coefficients of the dimer entropy, we prove that on hypercubic lattices the virial coefficients through order 20 are positive for generic d. In the third Section, we derive Eq.(1), obtain rigorous upper bounds for N (i) and discuss Eq.(2). The fourth Section summarizes the results of the graph tests for a variety of lattices and graphs. In Appendix A, the validity of Eq.(1), and of Eq. (2) is proven for a few classes of graphs and for two average distributions. In Appendix B a formula for the bound on N (i) is deduced from the inequalities of Eq.(2).
II. POSITIVITY OF VIRIAL COEFFICIENTS
The combinatorial-statistical properties of a MD system on a r-regular lattice are usually described in the grandcanonical formalism of statistical mechanics, in which the pressure is defined as
Here Ξ v (z) is the grand-canonical partition function for a v-site lattice and z is the activity. The dimer density is then
Setting p = 2ρ, and solving Eq.(4) for z = z(p), we can express the pressure in terms of p
This is the virial expansion. The entropy is defined by
from Eqs.(4) and (6) one gets 10 dλ dp = − ln z 2
Using the expansion 10,20
where
and r is the lattice coordination number, from Eq.(7) one has
Substituting in Eq.(6) lnz from Eq.(10) and λ from Eqs.(8, 9) one obtains
so that a simple relation is obtained between the coefficients m k of the virial expansion and the coefficients a k of the entropy expansion
In the case of hypercubic lattices in any dimension d the coefficients a k have been computed in Ref. [10] through the order 20. On these lattices, we can express the coefficients of the pressure, of the virial and the entropy expansions as simple polynomials in the variable 1/d. Using the expressions for a k with k ≤ 20 in Ref. [10] to examine the real roots of m k , reported in Table I , and observing that, for large d, the leading coefficient of m k is positive, it follows that m k is positive for any integer d with d ≥ 1. As remarked in the introduction, all the virial expansion coefficients so far computed for the lattice dimer models are positive. This leads us to conjecture that they are all positive on all infinite regular lattices.
Let us remark that on any lattice with coordination number r one has
for k less than the girth of the lattice graph; in particular this is true to all orders in the case of the Bethe lattice 7, 8 . Note that from the assumption that the virial coefficients are all positive, one gets an upper bound on the a k ,
III. AN ARGUMENT FOR THE BOUNDS CONJECTURED IN EQ.(1) AND EQ.(2).
In Ref. [13] , we introduced the Newton series for the dimer entropy of a graph, in terms of the quantities
Here N (i) is the number of configurations of i dimers on the graph G with v vertices andN (i) given bȳ
is the number of configurations of i dimers on the complete graph onv ≡ 2ν vertices, where ν is the matching number of G. If the graph G has a perfect matching v =v. For a graph that satisfies the "graph positivity" property introduced in Ref. [13] one has
where k = 0, ..., ν and i = 0, ..., ν − k. The validity of these bounds for all allowed k and i is in fact equivalent to their validity for all allowed k and i = 0. If the "graph positivity" conjecture of Ref. [13] is true, then eq. (17) holds for almost all regular biconnected bipartite graphs (in a reasonable sense). More precisely, if this conjecture is true, then for each r the fraction of r-regular biconnected bipartite graphs with v vertices that satisfy eq. (17) tends to 1 as v → ∞. This positivity property is often satisfied also in non-regular bipartite graphs, while it is usually not satisfied by non-bipartite graphs.
We have a similar situation here. Based upon the conjecture that all virial coefficients are positive for dimer models on infinite regular lattices, we state the following conjecture: the fraction of regular biconnected graphs with v vertices that satisfy
tends to 1 as v → ∞, when k = 2, ..., ν and i = 0, ..., ν −k. The validity of these bounds for all allowed k and i is in fact equivalent to their validity for all allowed k and i = 0. Unfortunately, we do not know how to state mathematically how preponderantly this property holds for finite v. This will be seen "experimentally" in the following sections. We now trace the path which leads from positivity of the virial series coefficients to Eq. (18) in the case of finite lattices. With p ≈ 2i v , in the limit of large v one has (see Eq. (11) in Ref.
We eliminate a k using Eq.(12) and observe that
Thus we get
d dp in Ref. [13] , assuming that the m k are positive and thatv v → 1 for v → ∞, we are led to Eq. (18), in which we usedv instead of v, motivated by the fact that the tests of Eq. (18) have fewer violations this way. The assumption thatv v → 1 is verified for biconnected 3-regular graphs and for regular bipartite graphs, since in these cases there exists a perfect matching (see Ref. [21] and references within). In fact all the biconnected regular graphs examined in next section have perfect matching.
Using Eqs.(15, 16) we can rewrite Eq. (18) as
For k ≥ 2, these bounds reduce to Eq.(1). From the bound Eq.(4) in Ref. [11] , setting in that equation
It follows that, for k = 2, the bounds of Eq.(1) are valid for any graph. Initially Eq.(18) would seem to hold only for the graphs, for example the periodic cubical graphs, whose limits are used to get the given lattice functions. But we will try to apply Eq.(18), or equivalently Eq.(1), to regular biconnected graphs and to finite lattices.
A. Rigorous upper bounds on the number of matchings
The bound Eq.(23) follows from the fact that all roots of the matching generating polynomial
for i = 0, .., ν − 2. Using these inequalities and ν ≤ n it is easy to see that also
satisfies them for i = 0, .., n − 2. Eq. (24) leads to the bounds (see Ref. [22] and Eq.(50) of Appendix B for the quantity g(i) = lnP (i) with k = 2)
for i ≥ i 0 . In the case of generic graphs, we can apply Eq. (26) with i 0 = 0, using N (0) = 1 and N (1) = E, where E is the number of edges of the graph. Thus we get an upper Bound for Generic graphs that we call BG2.0 to indicate that it follows from Eq.(2) with k = 2, i 0 = 0,
From this a simple bound for the matching generating polynomial follows
Using P ν (i) instead of P (i) one gets Eq.(28) with n replaced by ν; this stricter bound has been derived in Ref. [17] . For E fixed, v ≤ 2E. For the Hosoya index Z = M (1), introduced 23 in theoretical chemistry to characterize the topological structure of large molecules, when v = 2E the bound Eq. (28) is saturated by the graph nK 2 . As v → ∞, the bound Eq.(28) tends to the bound Z < e E , first derived in Ref. [24] . In the following we will derive other bounds for P (i); one could write down analogous bounds using P ν (i), which are equivalent to the former in the case of perfect matching.
For a graph with E edges and vertices of degrees δ i , we have
It follows that using the bound Eq.(26) with i 0 = 1, we arrive at the bound BG2.1, slightly tighter than BG2.0 for i > 0
where N m (2) is the maximum value of N (2)
In the case of the BG2.1 bound, for the matching generating polynomial we obtain
As an example, consider the logarithm of the Hosoya index Z for a generic graph with v = 60 and E = 110. Then the upper bound BG2.0 for this quantity has the value 46.2 while the bound BG2.1 has the value 45.6. In Ref. [16] it has been shown that for a regular graph with even v, the N (i) satisfy the following bounds for 0 ≤ i ≤ n; the bound
which is tight in the region of low dimer density and
which is tight in the region of high dimer density. In Ref. [25] another bound tight in the region of high dimer density is given for i < n
where p = i n . We shall denote by BR, the bound for the regular graphs that is the minimum between these three bounds. For r constant and n large, the bound Eq. (27) improves Eq.(34) by a factor slightly larger than
for p not close to 0 or n; for instance if i = n 2 , this factor is 1.09
n . Therefore a stricter bound (that we denote as BR2.0), is obtained combining Eq. (27) and BR. A slightly stricter bound (that we call BR2.1) is obtained combining Eq.(30) and BR.
In the case of regular bipartite graphs the following inequalities are known
giving a tight bound in the region of low dimer density and
giving a tight bound in the region of high dimer density. They lead to the bound Eq.(3.3) in Ref. [16] (that we denote as BB). The bound Eq. (27) is the same as Eq.(37) for these graphs. We can obtain a bound (denoted as BB2.2), which is stricter than BB, by using Eq.(26) with i 0 = 2, and observing that
Using Eq. (26) 
we get a bound slightly better than choosing i 0 = 2. For r fixed, v large, and i 0 = 3, the bound Eq. (26) for N (i) is smaller than the bound Eq.(37) by roughly a factor exp((3 − 
B. Conjecture of a stricter bound on virial coefficients
We now set p = p(i) = 2i/v and assume that v, n − i are large. From Eq. (21, 16, 15) it follows that for k ≥ 2
from which it follows that
All the known virial coefficients in the infinite regular lattice models mentioned in the introduction satisfy the bound
for k ≥ 2. We have also checked that, in d dimensional hypercubic infinite lattices the virial expansion coefficients satisfy the bound Eq.(44) through order 20 for any d, so that from Eq.(43) it follows that Eq. (2) is satisfied in these cases. Eq.(2) for k = 2 is satisfied for any graph, due to the Heilmann-Lieb inequality Eq.(23).
We are therefore led to the conjecture that in all infinite regular lattice models the virial coefficients satisfy Eq.(44), and to the conjecture that the frequency of the violations to the bounds Eq.(2) for large regular biconnected graphs, tends to zero as v → ∞.
In Refs. [18] , [19] it has been conjectured that in the limit of infinitely large random bipartite regular graphs, the entropy has almost surely the coefficients a k given in Eq. (13); the same is true for the average distribution Eq.(46) introduced in Ref. [18] . In the appendix we show that this average distribution satisfies the bounds Eq.(2), so that this conjecture suggests that the bipartite regular graphs almost surely satisfy Eq.(2).
In the tests discussed in the next section, no violation of the bound Eq.(2) with k = 3 are observed both for regular biconnected graphs and for not necessarily regular lattice graphs. Notice however that for k = 3, in the case of more general non-regular graphs there are violations, e.g. in the case of the graph with perfect matching shown in Figure  1 .
It seems therefore interesting to investigate the bound Eq.(2) for k = 3 in the case of biconnected regular graphs. Using Eq.(50) for k = 3 we get
for i ≥ i 0 . In the case of regular graphs, we can use Eq.(45) with i 0 = 0, taking into account Eq.(39) for N (2). The conjectured bound BR3.0c is obtained combining this bound with BR.
As an example of a regular graph, consider the Buckminster fullerene C 60 ; it has v = 60 and E = 90; the first violation of Eq. (2) is for k = 20. The logarithm of the Hosoya index Z of this graph has the value ln(Z) = 34.89. The bound BR has the value 46.49, the bound BR2.0 yields 41.50, the bound BR2.1 is 41.02, while BR3.0c is 36.58.
In the case of regular bipartite graphs, we can use Eq.(45) with i 0 = 2, using N (2), N (3) and replacing N (4) by N m (4), as in subsection IIIA. We thus conjecture a bound (called BB3.2c) obtained combining this bound with Eq.(38).
When r divides n, the bound BB3.2c is weaker than the Upper Matching conjecture (UMC) 18 , according to which the number of i-matchings of a r-regular bipartite graph with n = qr is bounded above by the number of i-matchings of qK r,r , for q a positive integer.
For instance, let us consider upper bounds for lnZ, where Z is the Hosoya index, for a 4-regular graph with v = 144. The bound BB for this quantity has the value ln(Z) = 115.24, BB2.3 is 113.69, BB3.2c is 100.11, while using the UMC one gets 96. 16 . These results have to be compared e.g. with the value ln(Z) = 95.44, determined for the periodic bc square grid of size 12 × 12.
IV. TESTS ON THE UPPER BOUNDS
We shall now review our graph tests. All graphs we considered are simple biconnected graphs. The tests of Eqs. (1) and Eqs. (2) are done for all allowed values of i (one could check only the case i = 0 to see if there are violations for some k, but the value of k for which there is a violation is generally higher if one considers only the case i = 0). We made tests on lattice graphs and on regular graphs; to generate systematically the latter we have used the geng program in the Nauty package 14 , via the Sage interface 15 . The matching generating polynomials are computed with the aid of the algorithm described in Ref. 27 . To perform our computations, we have used an ordinary desktop personal computer based on a processor Intel i7 860 with a RAM of 8 GB.
A. Tests of the bounds Eq.(1) on finite lattice graphs
In the case of a rectangular grid of size L x × L y , with L x ≥ L y and periodic bc, we have considered the following cases:
and for L x ≤ 15, L y = 10 there are no violations; the rectangular grids of size (11, 11) and (12, 12) satisfy the bounds. Therefore we have found violations only for L y ≤ 5, when L x is at least 3 times larger than L y . The minimum k for which there are violations is 12 for the cases with L y = 3, it is larger than 100 in the other cases.
In the case of triangular grids of size L x ×L y , obtained by adding a SW-NE diagonal in a rectangular grids L x ×L y , with L x ≥ L y and periodic bc, we considered the following cases: We have also examined the
We have observed no violations. For all the graphs examined in this section, Eq. (1) is satisfied for k ≤ 4. It would be interesting to know whether these bounds, Eq.(1) for k ≤ 4, are always satisfied for regular biconnected graphs.
B. Tests of the bounds Eq.(1) on bipartite graphs
We have tested the validity of the upper bounds Eq. (18) It is interesting to observe that, in the cases considered in Table II , the average order of the automorphism groups of the positivity-violating graphs is a few times larger than the average order of the automorphism groups of all the RBB graphs with the same vertex degree. The same is true in the following tests of this section.
For the RBB graphs with vertices of degree 4 there is one violation for v = 20 among 62611 graphs and k = 10 is the minimum value for which Eq. (1) is violated. The order of the automorphism group of the violating graph is 256, while the average order is 3.1. For v = 22, there are 5 violations among 2806490 graphs and the minimum value for which Eq. (1) is violated is k = 11; the average of the orders of the automorphism groups of the violating graphs is 3721.6, while the average order of all graphs is 1.5.
For the RBB graphs with vertices of degree 5, there is one violation for v = 20 out of 304495 graphs, with k = 9; the order of the automorphism group of this graph is 1327104, while the average order is 7.1. For the RBB graphs with a given number 18 ≤ v ≤ 30 of vertices of degree 3, we have listed the number of graphs in this class, the number of violations of the upper bounds, the average order ng of the automorphism groups of the graphs, the average order ngv of this group for the graphs violating the bounds Eq.(1). k is the minimum value for which Eq. (1) For the RBB graphs with vertices of degree larger than 4, we had to restrict to graphs with v ≤ 20 vertices and observed no violations for degree larger than 5.
C. Tests of the bounds Eq.(1) on non-bipartite graphs
In the case of the biconnected 3-regular non-bipartite graphs with v ≤ 22, the first violation occurs for v = 12. For v ≥ 12 the frequency of the violations decreases with v, as shown in Table III. TABLE III: For the biconnected 3-regular non-bipartite graphs with a given number v of vertices, we have listed the number of graphs in this class, the number of violations of the upper bounds, the average order ng of the automorphism groups of the graphs, the average order ngv of this group for the graphs violating the bounds Eq.(1). The cases with v odd are not listed, since there are no such graphs. k is the minimum value for which Eq. (1) In the case of the biconnected 4-regular non-bipartite graphs with v ≤ 17, the first violations occur for v = 12, as shown in Table IV. TABLE IV: For the biconnected 4-regular non-bipartite graphs with a given number v of vertices , we have listed the number of graphs in this class, the number of violations of the upper bounds, the average order ng of the automorphism groups of the graphs, the average order ngv of this group for the graphs violating the bounds Eq.(1). k is the minimum value for which Eq. (1) Unlike in the bipartite case and in the case of 3-regular non-bipartite graphs examined above, there exist graphs with odd v.
The frequency of the violations occurring among the graphs with even v decreases regularly as v increases. The same is true for the graphs with odd v.
D. Tests of the bounds Eq.(2) on finite lattice graphs
Let us first discuss the tests on finite lattices. In the case of rectangular grid of size L x × L y with L x ≥ L y and periodic bc, we considered the following cases:
showing no violations; L x ≤ 15, L y = 10, showing no violations; the grids of size 11 × 11 and 12 × 12 satisfy the bounds. The minimum k for which there are violations is 4. In the case of the triangular grid of size L x × L y with L x ≥ L y and periodic bc, we considered the following cases: 
showing violations for L x = 5, 9, 11, 13, 15, 17, 21;
Summarizing, in the tests of Eq.(2) on lattice graphs, more violations are observed than for Eq. (1); for bidimensional lattices with L x ≈ L y and larger than 5 there are no violations, except in the case of the hexagonal lattice, in which there are no violations on a strip with L x > L y . This restriction might be due to the fact that the hexagonal lattice is sensitive to the boundary conditions 28 . Therefore these tests give some indication, although not as clearly as in the case of Eq. (1), that in the limit of infinite lattices the bounds Eq.(2) and the corresponding bounds Eq.(44) are satisfied, and virial positivity holds.
Let us now discuss the systematic tests on regular graphs. In the case of the RBB graphs with vertices of degree 3 and v ≤ 30, the first violation occurs for v = 14; for larger values of v the frequency of violations decreases, but not regularly (it increases at v = 20), as shown in Table V . In the case of RBB graphs with vertices of degree 5 and v ≤ 20, the first 3 violations occur for v = 20 out of 304495 graphs, with average order 449280 of the automorphism groups of the violating graphs, to be compared with an average order of 7.1 for all the graphs; the minimum k for which there are violations is k = 6.
We have checked that for RBB graph with v ≤ 20, there are no violations for v > 5. (2), the average order ng of the automorphism groups of the graphs, the average order ngv of this group for the graphs violating the bounds Eq. (2); k is the minimum value for which these bounds are violated. In the case of biconnected 3-regular non-bipartite graphs with v ≤ 20, the first violation occurs for v = 10. For larger values of v the frequency of violations decreases irregularly as shown in Table VII. TABLE VII: For the biconnected non-bipartite graphs with a given number 10 ≤ v ≤ 22 of vertices of degree 3, we have listed the number of graphs in this class, the number of violations of the upper bounds Eq.(2), the average order ng of the automorphism groups of the graphs, the average order ngv of this group for the graphs violating the bounds Eq.(2); k is the minimum value for which these bounds are violated. In the case of biconnected 4-regular non-bipartite graphs with v ≤ 17, a first violation is met for v = 11. For larger v, the frequency of the violations decreases regularly for v even, while it decreases irregularly for v odd (it increases for v = 15), see Table VIII .
In addition to the systematic examination of 3-regular biconnected graphs up to v = 22, we have tested the k = 3 bound for v = 30. Using the NetworkX 29 random regular graph generator, we have thus examined over 70 millions 3-regular graphs with v = 30, and have checked that Eq.(2) is satisfied for k = 3. From Table VII , by a simple extrapolation we estimate that for v = 30 there are roughly 8 × 10 11 graphs, so the fraction of non-inequivalent produced random graphs is expected to be less than 10 −4 . Analogously, we have examined 15 millions random 4-regular biconnected graphs with 21 vertices. We have checked that Eq. (2) is satisfied for k = 3. From Table VIII , we estimate that for v = 21 there are roughly 2 × 10 12 graphs, so the fraction of equivalent random graphs produced by the generator, is expected to be less than 10 −5 . In all the tests performed on regular graphs (over more than 200 million graphs) no violations of Eq.(2) for k = 3 are observed.
As a further comment, we observe that there are some similarities between the graph positivity property 13 and Eq.(1): in both cases the violating graphs have an average order of the automorphism groups which is several times larger than the average over all the graphs with the same number of vertices v. This property is observed also in the case of Eq.(2), but to a lesser extent.
V. CONCLUSIONS
We have observed that the coefficients of the virial expansions of the MD model computed up to now satisfy Eq.(44) on all infinite regular lattices. In particular the first 20 coefficients of the virial expansion satisfy Eq.(44) for the hypercubic infinite lattices of any dimension d. This led us to conjecture that the virial coefficients are all positive for any infinite regular lattice model, and to the stricter conjecture that they all satisfy Eq.(44).
Using a simple relation between the virial coefficients and the coefficients of the series for the dimer entropy, the conjecture on the positivity of the virial coefficients led us to test the validity of the bounds in Eq.(1) for the finite lattice graphs and also for the finite graphs which somehow generalize them, namely the biconnected regular graphs.
For k = 2 these bounds follow from the inequality Eq.(23) proved by Heilmann and Lieb. We have shown that this inequality leads to rigorous upper bounds for the number of matchings N (i) improving those known up to now for regular graphs 26 in the region of low dimer density, and for generic graphs. In the latter case, we derive an upper bound for the matching generic polynomial improving the one in Ref. [17] .
The tests on lattice graphs support the validity of the virial positivity conjecture. Our tests on a large class of regular graphs and lattice graphs also support the conjecture that the frequency of violations of Eq.(1) tends to zero as v → ∞.
We have proposed the more general bounds Eq.(2) corresponding to the stricter conjecture that Eq.(44) is valid for infinite regular lattices .
Our tests of the bounds Eq.(2) on the regular graphs give results similar to those obtained for the bounds Eq.(1), although with more violations.
The tests of Eq.(2) on lattice graphs show many more violations than for the bounds Eq.(1); there are however bands with L x ≈ L y in the 2d case and with L x ≈ L y ≈ L z for the cubic slabs, for which there are no violations. Extrapolating the behavior in these regions to the limit of large lattices we get some indication that there are no violations of bounds Eq.(2) and the inequality Eq.(44) in the infinite lattice limit, but this indication is not as strong as in the case of the bounds Eq.(1) and virial positivity.
In all tests (carried out over more than 200 million regular graphs), we found no violations of the bounds Eq.(2) for k = 3. It would be interesting to know whether the bounds Eq.(2) for k = 3 are satisfied by all regular biconnected graphs.
We have discussed upper bounds that could be proved if Eq.(2) held for k = 3: they are tighter than those we proved based on the truth of the k = 2 case. we can prove by induction that, for h ≤ k
In the case h = k Eq. (49) gives
for i ≥ i 0 . If a graph satisfies the bound Eq.(2) for a given k, then Eq.(50) with g(i) = lnP (i), where P is defined in Eq. (25), gives an upper bound for N (i).
